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A method to find generators of a semi-simple 
Lie group via the topology of its fiag manifolds 
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Abstract 

In this paper we continue to develop the topological method started 
in Santos-San Martin m to get semigroup generators of semi-simple 
Lie groups. Consider a subset L C G that contains a semi-simple 
subgroup Gi of G. Then T generates G if Ad(r) generates a Zariski 
dense subgroup of the algebraic group Ad (G). The proof is reduced 
to check that some specific closed orbits of Gi in the flag manifolds of 
G are not trivial in the sense of algebraic topology. Here, we consider 
three different cases of semi-simple Lie groups G and subgroups Gi C 
G. 
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1 Introduction 

In this paper we continue to develop the topological method started in Santos- 
San Martin [19] to get semigroup generators of semi-simple Lie groups. 

The method is based on the notion of flag type of a semigroup that arouse 
from the results of [TT]. [12], [18], [13], [T7], [H], [15] and [16]. By these results 
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if G is a connected noncompact semi-simple Lie group with finite center and 
S' C G is a proper semigroup with nonempty interior, then the flag type of 
S allows to select a flag manifold F© of G that contains a subset G© (the so 
called invariant control set) which is invariant by S and is contained in an 
open Bruhat cell a© of F©. Since a© is diffeomorphic to an Euclidean space 

it follows that G© is contractible in F©. 

Hence if one can show that a subset L C G does not leave invariant a 
contractible subset on any flag manifold of G, then it is possible to conclude 
that r generates G if the semigroup generated by L has nonempty interior. 
Actually thanks to a result by Abels [1] this last condition can be changed 
by asking that Ad(r) generates a Zariski dense subgroup of the algebraic 
group Ad (G). 

The problem of semigroup generation of groups has several motivations. 
One of them comes from control theory where the controllability problem is 
translated into the semigroup generation problem. Controllability results on 
semi-simple Lie groups where obtained in Jurdjevic-Kupka [9l[8], Gauthier- 
Kupka-Sallet [B] and El Assoudi-Gauthier-Kupka [3] . In another direction we 
mention the 1.5 generation problem studied in Abels [T], Abels-Vinberg |2] 
and references therein, which consists in Ending pairs of generators starting 
from one element of the pair. 

Here, as in our previous paper [19], we take as generator a subset L C G 
that contains a semi-simple subgroup Gi of G. In this setting the problem is 
reduced to check that some specific closed orbits of Gi in the flag manifolds 
of G are not trivial in the sense of algebraic topology (see Proposition 13.21 
below). 

In [19] we pursued this approach with an eye in the controllability results 
mentioned above. Thus in [19] the group G is a connected complex simple 
Lie group and Gi is a subgroup G (a) with Lie algebra isomorphic to si (2, C) 
generated by the root spaces associated to the roots ±a of the complex 
Lie algebra 0 of G. In that case the method was successfully applied because 
the relevant orbits of Gi = G (a) are flag manifolds of s[(2,C) so that dif¬ 
feomorphic to We used De Rham cohomology (F©, M) to prove that 
these orbits are not homotopic to a point for any flag manifold F©. 

In this paper we consider three different cases of semi-simple Lie groups 
G and subgroups Gi C G. 

In the first one we take G whose Lie algebra g is the split real form of 
a complex simple Lie algebra and Gi = G (a) is a subgroup generated by 
root spaces analogous to the complex case. In the real case we are led to 
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check whether some closed curves are null homotopic and hence work with 
the fundamental groups of the flag manifolds. Contrary to the complex Lie 
algebras there are only a few cases where the relevant orbits of Gi = G (a) 
are null homotopic. Namely when g = s[(n, R), g = sp(n, R) and a is a 
long root and when g is the split real form of G 2 and a is a short root. In 
these cases the subgroups G (a) are not contained in proper semigroups with 
interior points and a subset L generates G if G (a) C L (any root a) and 
the group generated by L is Zariski dense (see Theorem 14.131 belowL In the 
remaining cases our method breaks down. We give an example of a proper 
semigroup with nonempty interior in Sp (n, R) that contains G (a) for several 
short roots a, showing that the result is indeed not true in this case. 

In another direction we take an irreducible hnite dimensional representa¬ 
tion : s[(2,C) —)■ s[(n,C), n > 2, and get a 

subgroup Gi = (exp (si (2, C))) C Sl(n,C). We prove that Gi is not 
contained in any proper semigroup with nonempty interior of Sl(n, C). It 
follows that a subset T is a semigroup generator of SI (n, C) if it contains 
(exp (si (2, C))) and the group generated by T is Zariski dense (see Theo¬ 
rem EH]). The algebraic topological fact that permits the proof of this result 
is Proposition 15.21 It shows that the projective orbit Gi ■ [uq] of the highest 
weight space is not contractible in the projective space of the vector space of 
the representation. This noncontractibility follows from the fact that the 

tautological bundle of the projective space restricts to a nontrivial bundle 
on the orbit 

In our third case we take a complex Lie group G and a complex subgroup 
Gi such that the Lie algebra gi of Gi contains a regular real element of the 
Lie algebra g of G. Examples of this case are the inclusion in si (n, C) of the 
classical Lie algebras Bi = so {21 -|- 1, C), G; = sp (2/, C) and Di = so (2/, C). 
In this case we prove that Gi is not contained in a proper semigroup with 
nonempty interior of G and hence get generators of G in the same spirit 
of the other cases (see Theorem 16. ip . Here we exploit the same technique 
provided by Proposition I5.2l bv realizing the flag manifolds of G as projective 
orbits in spaces of representations. The proof is not much different from the 
case of representations of si (2, C). 


3 











2 Notation and background 

Let G be a connected real semi-simple Lie group with finite center and Lie 
algebra g. For G and g we use the following notation. 

• Let 6^ be a Cartan involution of g and g = t © s the corresponding 
Cartan decomposition. 

• If a C s is a maximal abelian subalgebra its set of roots is denoted by 
n. Let If''' be a set of positive roots with 

S = {«!,... C n+ 

corresponding simple system of roots. We have If = n+U(—If"*') and 
any a G 11+ is a linear combination a = niai + ■ • • + niai and n* > 0, 
i = 1,..., / are integers. The support of a, suppa, is the subset of S 
where > 0. 

• The Cartan-Killing form of g is denoted by (•, •). If a G a* then Ha G a 
is defined by «(•) = {Ha, •), and {a, (3) = {Ha,Hp). 

• We write 

a+ = {Lf G a : Va G n+, a{H) > 0} 
for the Weyl chamber defined by 11+. 

• The root space of a root a is 

g„ = {X G g : Vi/ G a, [H, X] = a{H)X]. 

If g is a split real form of a complex simple Lie algebra then dim^ g^ = 1. 

• For a root a, g(a) is the subalgebra generated by g^ and g_Q. We have 

g(Q!) = span^{Ha} © g^ © g-a st(2, M). 

We let G{a) be the connected Lie subgroup of G with Lie algebra g(Q!). 

• Let K = (exp t) be the maximal compact subgroup of G with Lie 
algebra t. 
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• W is the Weyl group. Either W is the group generated by the reflections 

r„, a e n, r„(/9) = /9 — or W = M*/M where M* = Normx(a) 

is the normalizer of a in and M = {g ^ K ■. Ad{g)H = H for all H G 
1)} is the centralizer of a in K. 

• = Eaen+ 0« and n” = EaGn+ 0-«- 

• Given the data a and fl’'' (or S) there exists the minimal parabolic 
subalgebra p = m©o©n’''. A subset 0 C S defines the standard 
parabolic subalgebra by 

Pe = P + 0a 

aG(0) 

where (0) = {a G fl : suppa C 0 or supp(—a) C 0} is the set of roots 
spanned by 0. When 0 = 0 we have p 0 = p. 

• For 0 C S, Pe is the parabolic subgroup with Lie algebra pe: 

Pe = NormG(p 0 ) = {g e G : Ad( 5 f)p 0 C p©}. 

• The flag manifold F© = G/Pq does not depend on the specific group 
G with Lie algebra g. The origin of G/Pq, the coset 1 • P©, is denoted 
by be. 

Now let S' C G be a subsemigroup with intS* 7 ^ 0. We recall some 
results of [laiisiin] that are on the basis of our topological approach to get 
generators of G. 

We let S act on a flag manifold F© by restricting the action of G. An 
invariant control set for S in F© is a subset G C F© such that cl(S'a:) = G 
for every x G G, where Sx = {gx G F© : G S'}. Since infs' 7 ^ 0 such a set 
is closed, has nonempty interior and is in fact invariant, that is, 5 ^ 0 ; G G if 
g E S and x E G. 

Lemma 2.1 flTR Theorem 3.1]) In any flag manifold P© there is a unique 
invariant control set for S, denoted by G©. 

To state the geometric property of G© to be used later we discuss the 
dynamics of the vector fields P on a flag manifold F© whose flow is , 
with H in the closure cla”^ of the Weyl chamber a^. It is known that H is 
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a gradient vector field with respect to some Riemmannian metric on F©; cf. 
[H Proposition 3.3 (ii)] and [5]. 

Hence the orbits of H are either hxed points of or trajectories flowing 
between hxed points of H. Moreover, H has a unique attractor hxed point 
set, say atte(i/), that has an open and dense stable manifold aQ^H)] cf. 
mi. This means that if x G cr©(if) then its w-limit set uj{x) is contained 
in a.ttQ{H). This attractor has the following algebraic expressions 

attQ^H) = Zh ■ &0 = Kh ■ &©, 

cf. in Corollary 3.5] and [5]. Here Zh = {g E G : k(i{g)H = H} is the 
centralizer of hf in G and Kh = Zh H iC is the centralizer in K. We note 
that att 0 (hf) is a connected manifold because Zh = M{Zh)o = {Zh)qM 
where {Zh)o is the identity component of Zh and M is the centralizer of a 
in K; see [201 Lemma 1.2.4.5]. Hence Zh ■ fc© = {Zh)o ■ &©, since M- 6 © = 6 ©; 
cf. [m Theorem 7.101]. 

The stable set ae{H) is also described algebraically by 

o'eiH) = NjjZh ■ be 


where 


Nh = exp Uh 


and ^ g^, 

'riH)<o 


cf. m Corollary 3.5]. In particular if H is regular, that is, 77 G a and 
a{H) > 0 for a G H^, then Zh = MA, which hxes 5©. Hence 


att 0 ( 77 ) — Zh ■ be — {7©} H E a. 


Actually, in the regular case the hxed points are isolated because H is the 
gradient of a Morse function; cf. HIS]. Also, = n (notation as above) 
and the stable set is N~ ■ be the open Bruhat cell. 

The following statement is a well known result from the Bruhat decom¬ 
position of the hag manifolds; cf. [ll[ini[ 2 D]. 


Proposition 2.2 In any flag manifold F© the open Bruhat cell N~ ■ be is 
diffeomorphic to an Euclidean space M'^. The diffeomorphism is X E W-q ^ 
e^ ■ be, where Uq = : « < 0 and a ^ (©)}■ 
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Set h = , H E a^. It follows from the gradient property of H that 

hm„^+oo h'^x = 60 for any x G N~ ■ hQ. 

Now, we say that g E G is regular real if it is a conjugate g = aha~^ of 
h = exp if, H E with a E G. Then we write (Te{g) = g ■ and 

we call this the stable set of g in Fe. The reason for this name is clear: 
g'^ = {aha~^Y — CLh^a~^ and hence g'^x —)■ gb^ if a: G crQ^g). 

The following lemma was used in [T2] to prove the above Lemma 12.11 

Lemma 2.3 Lemma 3.2]) There exists a regular real g E intS'. 

Now we can state the following result of [HI which is basic to our ap¬ 
proach. 

Theorem 2.4 Suppose that S ^ G. Then there exists a flag manifold F© 
such that the invariant control set C© C Cei^g) for every regular real g E intS*. 

Corollary 2.5 If S ^ G then there exists a flag manifold F© such that for 
every flag manifold F©^ such that 0 C ©i the invariant control set C©^ in 
F©^ is contained in a subset F©j diffeomorphic to an Euclidean space. 

Proof. If ©1 C 0 then the canonical projection vr : F© —)■ F©^ is equivariant 
under the actions of G. This implies that the open Bruhat cells are projected 
onto open cells and 7 r(C©) = C©^. Hence C©^ is contained in an open cell 
F©^ if this happens to C©. □ 

In particular if ©i = S \ {a} contains © if a G S \ 0 so in the minimal 
flag manifold Fs\{a} the invariant control set is contained in open cells. 

Corollary 2.6 If S G then there exists a minimal flag manifold F© such 
that Gq is contained in a subset F© diffeomorphic to an Euclidean space. 


Remark: It can be proved that there exists a minimal © {S) satisfying the 
condition of Theorem 12.41 This © (S') (or rather the flag manifold F©( 5 )) is 
called the flag type or parabolic type of S. Several properties of S are derived 
from this flag type, e.g. the homotopy type of S as in (TB] or the connected 
components of S as in m- 
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3 Semi-simple subgroups: Set up 

Let 0 be a noncompact semi-simple Lie algebra and G be a connected Lie 
group with Lie algebra g and finite center. In this section we take a semi¬ 
simple subalgebra gi C g and the corresponding connected subgroup Gi = 
(exp 0 i). We ask whether there is a proper semigroup S <Z G with intS* 7 ^ 0 
such that Gi C S. 

It is well known that there exist compatible Cartan decompositions gi = 
© Si and 0 = t © s such that C t and Si C s (see Warner [201 Lemma 
1.1.5.5]). If Oi C Si is maximal abelian then there exists a maximal abelian 
a C s with ai C a. Denote by Hi the roots of (gi, ai) and by 11 the roots of 
( 0 , 0 ). Any Q!i G Hi is the restriction to Oi of some a G 11. Take Hi G Oi 
regular (in gi). Then there exists a Weyl chamber a”*" C a with Hi G cla''". 
If a G n is positive w.r.t then a {Hi) > 0 so that we get compatible 
Iwasawa decompositions gi = G © cii © and g = t © a © n with ^i C 
Oi C a and rii C n where 

ni = ^ 

aien)- aGn+ 

and 11 ]'' is the set of roots of (gi, ai) that are positive on Hi and II''' the roots 
positive on a+. 

In the sequel we keep fixed these compatible Iwasawa decompositions. 
Let S be the simple system of roots in 11+. Then the standard parabolic 
subalgebras pe C g and subgroups Pq <Z G are built from subsets 0 C S. 
For the corresponding flag manifolds F© = G/Pq we write 5© = 1 ■ P© for 
their origins. 

By the construction of the compatible Iwasawa decomposition from the 
choice of Pi G ai fl cla+ we have that 6 © belongs to the attractor fixed point 
set att©(Pi) = Zhi ■ be = Kh^ ■ be of the one-parameter semigroup 
t > 0. The corresponding stable set cr©(Pi) is open and dense in F©. 

Now let S' be a semigroup with intS* 7 ^ 0 such that Gi C S. Denote by 
G© the unique S'-invariant control set in F©. The set G© is compact and 
has nonempty interior. Hence G© fl ^©(Pq) 7 ^ 0. If a: G G© fl (T©(Pq) then 
y = limi_).+oo • x belongs to G© fl att©(Pa), because G© is closed. Hence 
we get the following lemma. 


Lemma 3.1 If Gi C S then G© natt©(Pi) 7^ 0. 


Now the idea is to look at the topology of the orbits Gi ■ y with y e 
att 0 (i/i). Clearly ii y E Cq and Gi C S then Gi ■ y C. Gq. On the other 
hand, by Theorem 12.41 and its corollaries, there are flag manifolds where Gq 
is contained in a contractible Enclidean subset Sq if S is proper. Hence if 
we achieve to prove that none of the orbits Gi ■ y with y G att 0 (iJi) are 
contractible then we can conclude that Gi is not contained in a proper semi¬ 
group with nonempty interior. In principle this noncontractibility property 
must by checked on every flag manifold but by Corollary 12.61 it is enough to 
look at the minimal ones. 

These arguments can be used to get semigrouop generators of G. In fact, 
if T is a subset that contains Gi and generates a semigroup S with nonempty 
interior then S = G provided we have noncontractibility of the orbits Gi ■ y 
through the attractor hxed point set. 

Actually, thanks to a result by Abels |T] it is enough to assume that 
the group generated by T is Zariski dense in the following sense: The group 
Ad {G) is algebraic and hence endowed with the Zariski topology. We say that 
B G G is Zariski dense in case Ad {B) is dense in Ad (G) with respect to the 
Zariski topology. With this terminology it is proved in [T], as a consequence 
of Corollary 5, that the semigroup S generated by T has non empty interior 
provided i) the group generated by T is Zariski dense and ii) S contains a 
non-constant smooth curve. 

These comments yield the following fact that reduces the problem of 
Ending semigroup generators to the topology of orbits of Gi. 

Proposition 3.2 Let gi G g be a semi-simple Lie subalgebra. Choose com¬ 
patible Iwasawa decompositions gi = © Oi © rii C g = 6 © o © n, so that 

cla+ contains a regular element Hi G ai. Let Gi = (expgi) and suppose that 
for every (minimal) flag manifold F 0 the orbits Gi • y through the attractor 
fixed point set aite{Hi) are not contractible in Fq. Then a subset T G G 
generates G as a semigroup if Gi G T and the subgroup generated by T is 
Zariski dense. 

In the special case when Hi G a”^, that is, gi contains a regular real 
element of g, the attractor hxed point att 0 (ifi) reduces to b^. In this case 
we need to check contractibility only of the orbits Gi ■ 60 through the origin. 
For later reference we record this fact. 
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Corollary 3.3 With the notation of Proposition [Ql suppose that Hi G a^. 
Then the same result holds with the assumption that Gi- 6 © is not contractible 
in any (minimal) flag manifold. 


4 Split real forms and subgroups G {a) 


We assume in this section that 0 is a split real form of a complex simple 
Lie algebra and G is a connected Lie group with Lie algebra G and having 
hnite center. Take a Cartan decomposition g = t © s and a maximal abelian 
a C s. If a is a root of the pair (g, a) then the subalgebra g (a) generated by 
the root spaces g±Q is isomorphic to sl(2,M). Precisely, we choose G ga, 
X_a = —OXa G Q-a such that {Xa,X_a) = 1. Then the isomorphism is 
given by 


Xa GG 




Ha GG 


1 0 
0 -1 


X-a GG 


0 0 \ 

1 oj- 


In order to apply the ideas of Section [3] we £x a Weyl chamber a"*" such 
that Ha G cla^. Then a is positive w.r.t. a'*' and we get compatible Iwasawa 
decompositions g (a) = © {Ha)®Qa Cg = t©a©n where tua is spanned 

by Aa = Xa — X_a. We put G (a) = (expg (a)). 

Our objective is to check whether the conditions of Proposition 13.21 are 
satisfied by G(q!). The following result reduces the question to the orbit 
through the origin 6© of a flag manifold F©. (Where the origins are given by 
the standard parabolic subalgebras defined from the Weyl chamber a’*'.) 


Theorem 4.1 In a flag manifold F© take y G att©(iLQ,). Then the orbit 
G(a) ■ y is a circle homotopic to the orbit G{a) ■ 6 ©. 


The proof this theorem requires some lemmas. We start by looking at the 
orbit G(q!) • 6 ©. By compatibility of the Iwasawa decompositions it follows 
that the parabolic subalgebra pa = {Ha) © ga of g (a) is contained in the 
isotropy subalgebra at 6© for any flag manifold F©. To get the inclusion of 
the parabolic subgroup of G {a) as well we perform a somewhat standard 
computation on s[(2,M) and s[(2,C) (cf. [TU], Chapter VIL5). 

Proposition 4.2 Let G{a) <Z G be the connected subgroup with Lie algebra 
g(a) ~ s[(2,M) and M the centralizer of a in K. Then the center Z (G(a)) 
of G{a) is contained in M. 
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Proof. Let G = S1(2,M) be the universal covering and denote by exp : 
51(2, M) —)■ S1(2,M) the exponential map. Take the basis 


A = 





S = 


0 1 
1 0 


of sl(2,M). The center Z ^S1(2,M)^ of S1(2M) is the kernel of its adjoint 
representation Ad which is explicitly given by 

Z (sT(^)) = {^{kirA) 

since the center is contained in a one-parameter group exp(fA). 

Now 0 ( 0 ) s[(2,R) with the isomorphism given by iL -H- H'^ = 

A -H- Aq = Xa — X_a and S -H- Sa = Xa + X_a, where X±a ^ 0±a and 
(X,,A_„) = 1. 

Suppose hrst that G = Auto0 is the adjoint group. Then G{a) = 
S1(2,M)/Zi) with D C Z ^Sl(2,M)j given by 

D = {(Sp(fcno7rA) : /c G Z} tt-qZ 


where 

no = mm{n > 0 : = id}. 

It follows that Z {G{a)) = Z ^Sl(2,M)j /D Z^^ is generated by 

Complexifying and doing computations in Sl(2, C), it turns out that = 

g7rad(iH„)_ 'ppjg lagi; term belongs to M showing that Z (G(a)) C M when 
G = Auto0. For a general G the same result is obtained by taking adjoints. □ 

The next lemma will ensure that the isotropy subalgebra at 6© for the 
action of G (a) is exactly = {Ha) ® 0a- 

Lemma 4.3 If a is a root with G cla^, then supper = E. 

Proof. See [l9l Proposition 3.3]. □ 

Now we can describe the orbits through the origins of the flag manifolds. 
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Lemma 4.4 Let fe© be the origin of a flag mam/oWF© and fl a positive root. 
Then G{fl) ■ be is either a circle or it reduces to a point. If fl ^ (0) then 
dim G{fl) ■ be = 1- In particular, dimG(Q!) ■ 6 © = 1 if Ha € cla+. 

Proof. Let g {fl)bQ G be the isotropy subalgebra and subgroup, 
respectively, at 6 © for the action of G{fl). The subalgebra contains 

the parabolic subalgebra of g (/3) given by = span{iL^} © g/? C p©. This 
implies that G contains the identity component (P/ 3 )q of the parabolic 
subgroup Pp = NormG(/ 3 )p /3 C G {(3). If g = p/? then G is a union 
of connected components of Pp. But Pp = Z (G(a)) {Pp)o and Z (G(a)) C 
M C P© by Proposition 14.21 Hence, in this case G = Pg and the 
orbit G {fl) ■ be = G (fl) /Pp ^ S^. On the other hand if p^ 7 ^ g {(3);,^ then 
g i(3)bQ = 0 (/9), so that G = G {(3) and the orbit G {(3) ■ be reduces to a 
point. 

Now, if /3 ^ (0) then g_^ has empty intersection with the isotropy sub¬ 
algebra p© which implies that g = P/3- Hence G {(3) • 6© is a circle if 
f3 ^ (0). The last statement is a consequence of Lemma [4.31 □ 

We proceed now to look at the orbits of G{a) through y G att©(iLa). We 
recall that att©(iLo) = {KufliQ ■ be, where {KufljQ is the identity component 
of the compact part of the centralizer Zh^ of Ha- The Lie algebra tua of 
Kua is spanned by Aa = Xa — X^a- 

Let y = u ■ be E att©(iLa) with u G {KhAiq- Then 

G{a) ■ y = u (u~^G{a)u) ■ be- 

The group u~^G{a)u is isomorphic to G{a) and its Lie algebra Ad(n“^)g(Q!) 
is isomorphic to g(a) and hence to s[( 2 ,R). Since Ad (u) Ha = Ha, the 
decomposition of Ad(M“^)g(a) into root spaces is given by 

Ad (m“^) g(Q!) = (Ha) © Ad (m“^) g^ © Ad {u~^) g_Q,. 

The subspace pu = {Ha)(BAd{u~^)ga is a parabolic subalgebra of Ad(M“^)g(a) 
Denote by P„ the corresponding parabolic subgroup. 

Lemma 4.5 The subgroup Pu is contained in the isotropy subgroup at be of 
the action of u~^G{a)u. 
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Proof. We have that {Ha) is contained in the isotropy algebra, because 
6 e is a hxed point of e*^“. To see that the same occurs with Ad(M“^)(gQ,), 
note that if 0 7 ^ X G Ad(M“^)( 0 a) then ad{Ha){X) = a{Ha)X because 
u centralizes Ha- Hence X is an eigenvector of ad{Ha) associated to the 
eigenvalue a{Ha) = (a, cx) > 0. Since Ha G cla+ we have that the eigenspaces 
of ad{Ha) associated to positive eigenvalues are contained in n+. Therefore 
X G n"*" so that Ad(M“^)(gQ,) C n+, implying that Ad(M“^)(gQ,) is contained 
in the isotropy subalgebra at be- 

Now, the proof follows as in Lemma 14.41 by checking that any connected 
component of Pu is contained in the isotropy subgroup at be- □ 

As a complement to this lemma we have the following homotopy property. 
From it the proof of Theorem 14.11 follows quickly. 

Lemma 4.6 The orbit {u~^G{a)u) - be is a circle homotopic to the orbit 
G(a) - be, by a homotopy that fixes be- 

Proof. Let Ut G {KufijQ, t G [0,1], be a continuous curve with mq = 1 e 
Ml = u. Dehne the continuous map : [0,1] x G{a) —)■ F© by 

= uj^gut ■ be- 

This map has the factorization 

[0,1] X G{a) —F© 

[0,1] X (G(a) /Pa) 

that dehnes a continuous map : [ 0 , 1 ] x {G{a)/Pa) F© by (f)(t,gPa) = 
fi{t,g)- Indeed, 0 is well dehned because if h G Pa then u//^hut G Put and, 
by the previous lemma, (u^^hut) ■ be = be- Hence 

i’igh) = u/^gut{u/^hut) ■ be = u/^gut ■ be = (g) 

and so 0 is well dehned. The function 0 is continuous and if ba denotes 
the origin of G{a)/Pa then, again by the previous lemma, we have that 
0(f, ba) = be for all t G [0,1]. 

Therefore, looking at G{a)/Pa as a circle with distinguished point 
6 a = 1 ■ Pa we see that 0 is a homotopy between 0 ( 0 , •) whose image is 


13 






G{a) ■ tiQ and 0(1, •) whose image is {u ^G{a)u) ■ be. This homotopy hxes 

be. □ 


Now we can hnish the proof of Theorem I4.lt Let u G {KHa)o be such 
that y = ube. Then G{a) ■ y = u {u~^G{a)u) ■ be, so that G{a) ■ y and 
{u~^G{a)u) ■ be are homotopic by a homotopy defined by a curve t G [0,1] 

Ut G {Kh^)q with Uq = 1 and Ui = u. By the previous lemma it follows that 
G{a) ■ y and G{a) ■ be are homotopic. 

Combining Theorem 14.11 with Proposition 13.21 we arrive at once at the 
following result. 

Theorem 4.7 Let a be a root and a’*' a Weyl chamber with Ha G cla’*’. 
Define the standard parabolic subgroups P© with respect the positive roots 
associated to and denote by be the origin o/F© = G/Pe- Take a subset 
T C G with G {a) C T. Assume that 

1. for every minimal flag manifold F© the orbit G {a) ■ be (which is a 
closed curve) is not homotopic to a point and 

2. the subgroup generated by T is Zariski dense. 

Then T generates G as semigroup. 

As will be seen below condition (1) of this theorem holds in three cases 
namely when g = si (n, M), a is a long root of sp (n, M) and a is a short root 
of the G 2 digram. 

4.1 The fundamental group of minimal flag manifolds 

We look here at the fundamental groups of the minimal flag manifolds and 
the homotopy classes of the orbits G (a) ■ 6© appearing in Theorem 14.71 
Fix a simple system of roots S. For a root a we choose Xa G fla, = 
—9Xa G such that (Xq,,X_q) = 1, and write Aa = Xa — X_a G fa 
and Sa = Xa + X_a. If F©, 0 C S, is a flag manifold we write 6© for its 
origin dehned by S. Then for a root a the orbit G {a) ■ be is the closed curve 
■ be. We denote by c® (or simply Ca) the homotopy class of this curve 
in the fundamental group of F©. 

The fundamental groups of real flag manifolds were described in Wigger- 
man [21] by generators and relations. We recall the result of [21] the case of 
a split real form g. 
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Theorem 4.8 The fundamental group vti (F©) o/F© is generated by with 
a G S, subjected to the relations 

1. Ca = 1 if a E Q and 

2. = 1 where e{a,fi) = (—1)^“ and {a^^(3) = is 

the Killing number. 

The first relation says that tti (F©) is in fact generated by c„ with a G 
S\0. However it is convenient to include in the statement the generators c^, 
a G 0, because they enter in the second set of relations. Namely, = 

CaC/ 3 C“^c^^^“’^^ = 1 if a G 0 and /9 G S \ 0. Notice that this relation implies 
that c^ = 1,/3gS\ 0, if there exists a root a G 0 such that the Killing 
number (a^,/S) is odd. 

From these generators and relations it is easy to get the fundamental 
groups of the minimal flag manifolds. Given a root /3 G S we write 0/3 = 
S \ {/3} and take the corresponding minimal flag manifold F©^. These exaust 
the minimal flag manifolds, except for the diagram Ai when the only flag 
manifold is given by 0 = 0. 

Proposition 4.9 The fundamental group of a minimal flag manifold F©^ is 
TTi (F©^) = Z 2 except in for Ai or when fl is the long root in the Ci diagram. 
In the exceptions tti (F©^) = Z. 

Proof. By Theorem l4.8l the fundamental group of F©^ is cyclic and generated 
by C/ 3 . If the diagram is not Ai then fl is linked to another root a. If the link 
is a simple edge then (a^,/S) = —1 and hence = 1 so that tti (F©^) = Z 2 . 
The Killing number {a^, fl) is also odd in the G 2 diagram (—1 or —3) or in 
case a is a long root and fl a short root. A glance at the Dynkin diagrams 
shows that every root fl has such link if fl is not the long root in the Ci 
diagram. If fl is this long root then there are no relations involving cg and 
hence tti (F©^) is cyclic inhnity. 

Finally, the flag manifold of Ai is the circle and hence has Z as fun¬ 
damental group. □ 

We proceed now to look at the homotopy condition of Theorems 14.11 and 
Wl\ Here we change slightly the point of view. In those theorems we started 
with a root a and choosed a Weyl chamber containing Ha in its closure. 
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Here we fix a Weyl chamber a”*" (and hence an origin Bq in a flag manifold 
F©) and take a root n snch that G cla"*". Since the Weyl gronp W 
acts transitively on the set of Weyl chambers, there is no loss of generality 
in fixing o"*" in advance. In fact, by wHa = h follows that for any 

root a there exists a root /i = wa such that G cla”^, that is, Ha G 

cl . If W G M* is a representative of w then G (a) = w~^G (p) w and 

G {a) ■ = w~^G (/i) w ■ W~^he = w~^ {G (p) ■ 6 ©). The point is 

the origin corresponding to and a curve t G [0,1] i-G- G G with go = 1 

and gi = w realizes a homotopy between the two orbits G {a) ■ w~^be and 
G (/i) ■ Bq. Therefore we can restrict our analysis to roots fi with G cla"*" 
and the Weyl chamber a"*" previously fixed. 

The action of W on the set of roots is either transitive (for the simply 
laced diagrams Ai, Di, Eq, Ej and E^) or has two orbits the long and short 
roots (for the other diagrams Bi, Gi, E^ and G 2 ). This implies that for the 
simply laced diagrams there is just one root (the highest positive root) fi 
with Hfy G cla’*’ while in the other cases there is the highest root and a short 
root as well in the closure of the Weyl chamber. 

To look at the classes c® with G cla'*' in the fundamental groups of the 
minimal flag manifolds we realize them as orbits of projective representations. 


4.2 Projective and spherical orbits 


To look at the fundamental group of the flag manifolds we shall exploit their 
realizations as projective orbits of representations. Given the simple system 
of roots S = {«!,let {cui,..., wd be the set of basic weights defined 
by 




U!j) ^ 

/ \ 

{Ol-i 5 Olj / 


Any u = piUi + • • ■ + p/cu/, pi E Ij, Pi > 0, is the highest weight of a 
representation of g in a vector space K;. Write G = (expp^ (g)) for the 
group with Lie algebra g that integrates the representation. 

Let V (cu) C K; be the one-dimensional weight space of cu. For v eV (cu), 
n 7 ^ 0 , put V~^ (cn) = for the ray spanned by v. 

Consider the projective orbit G • V (w) = {g ■ V (cn) : g E G} and the 
spherical orbit G ■ V~^ { 00 ) = {g ■ V~^ (cn) : 5 ^ G G}. The isotropy subalgebra 
at both V (cj) and V~^ (cj) is the parabolic subalgebra p©^ where 


©a; = {tti E E : Pi = 0} = {a E E : a (uj) = 0}. 
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Hence the identity component of the parabolic subgroup is contained in 
the isotropy subgroups of V (a;) and V~^ (oj). It turns out that the isotropy 
subgroup at V (u) is the whole Pq^ , since m ■ v = -Pv if m G M. Therefore 
G ■ V (cu) ~ Fe^ with the origin be^ G Fe„ being identihed to V (cu) G 
G ■ V (uj). Also the the map G ■ (cu) -^G-V (cu), g ■ V~^ (cu) ^ g - V (cu) is 
a covering because the isotropy subgroup at V~^ (cu) is an open subgroup of 
F©^. This covering has one or two leaves, depending if —V~^ (cu) belongs or 
not to the orbit G ■ V~^ (a;). 

To look closely at the covering G ■ V~^ (oo) G ■ V (oo) we take a root a. 
The orbit G {a)-be is the curve (exp tAa)-be, t G [0, vr], where Aa = Xa—X_a- 
This means that iriaV = ±w if v G V (cj), where nia = expvrp^ (Aa). The 
following lemma gives the sign in this equality. 

Lemma 4.10 rUaV = v. 

Proof. The Lie algebra (g) as well as the Lie group G = (expp^(g)) 
can be complexihed. In the complexihcation we have nia = exp vrp^ (Aa) = 
expiTrpi^ (H'^) (cf. Proposition 14.2p . Hence niaV = = (—1)'^^^“^ v if 

V eV (cu). □ 

Now let oj = ojj be a basic weight, so that 0^^^. = S \ {oj}, and F©^, 
is a minimal flag manifold. By the very dehnition of the basic weights we 

have Uj = 1, so that niajV = —v if v eV (uj). This implies that the 

spherical orbit G ■ V~^ (uj) is a double covering of F©^ . 

On the other hand we have, by Proposition 14.91 that except in two cases 
the fundamental group of a minimal flag manifold is Z 2 . Combining these 
facts we get the universal covering space of the minimal flag manifolds. 

Proposition 4.11 Let Uj be a basic weight in a diagram different from Ai 
and such that aj is not the long root of the Gi diagram. Let F©^^ be the 
corresponding minimal flag manifold. Then the spherical orbit G ■ V~^ (uj) is 
the simply connected universal cover o/F©^^. 

Proof. In fact, F©^^ has only two coverings since its fundamental group is 
Z 2 . Since G ■ V~^ (uj) —)■ F©^^^ is a double covering it follows that G ■ V~^ (uj) 
is indeed the simply connected cover. □ 
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As a consequence we have that a closed curve in is null honiotopic if 
and only if its lifting to G-V^ {uj) is a closed curve. This yields the following 
criterion to decide if an orbit G (a) • Bq is null homotopic. 


Proposition 4.12 Let be a minimal flag manifold with Uj as in Propo¬ 
sition \4-ll\ If a is a root then G (a) • be^, is null homotopic if and only if 
the Killing number ojj {Hf) is even. 


Proof. The orbit G {a) ■ 69 ^, is the closed curve (exptAa) ■ fee^., t G [0,7r]. 
In terms of the projective ortit of the representation this curve is given by 
exp tp^^ (Aq) • V {oJj), t G [0, tt]. The lifting of this curve to G ■ V~^ (uj) start¬ 
ing at V~^ {ojj) is exptp^. (Aq,) • 1/+ {uj), t G [ 0 , 7 r]. This lifting is a closed 
curve if and only if ma ■ v = exp (A^) ■ v = v for v E V (oJj). By Lemma 

14.101 we have maV = (—n, so that G (a) ■ be^^ is null homotopic if 
and only if Uj {Hff) is even. □ 


If a = riiai niai where S = {oi,..., ai} is the simple system of 

roots then we can compute Uj {Hff) explicitly from the coefficients nj. In 
fact, since {ai,u)j) = 0 ii i ^ j and 2{aj,u)j) = {aj, aj), we get 




2{a,Uj) 2{aj,ujj) {aj,aj) 

{a, a) ^ {a, a) ^ {a, a) 


( 1 ) 


By this formula we see that G {a) ■ 69 ^ is null homotopic if nj is even 
and the roots have the same length. We observe the following possibilities 
when the roots aj and a have different length. 


1. aj is long and a is short with {aj,aj) = 2{a,a). Then G {a) ■ 69 ^, is 
null homotopic regardless the coefficient Uj. 

2. a is long and aj is short with {a, a) = 2{aj,aj). Then G {a) ■ 69 ^, is 
not null homotopic if Uj 7 ^ 4p. 


4.3 Roots in the closure of the Weyl chamber 

Now we can look at the homotopy class of the orbits G (a) ■ 69 in a minimal 
flag manifold, for a root a with Ha G cla^. Concerning the highest roots we 
write their coefficients above the simple roots in the Dynkin diagrams: 
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Consider first the highest root /r. By inspecting the coefficients of p we 
can apply formula ([T]) to get the following to cases where G (p) ■ 6e is not 
null homotopic in whatsoever minimal flag manifold: 

1 . Ai, because the coefficients are rij = 1 and the roots have the same 
length. 

2 . Cl, in this case the highest root fi has coefficients rij = 2 only with 
respect to the short roots aj, j < 1. So that ooj = 1 for every j. 

In the diagrams Di,Eq,Ej and Eg, the roots have the same length and 
the coefficients nj are even for several j. This means that for these diagrams 
Gif,)- Bq is null homotopic on several minimal flag manifolds. We have also 
that in the diagrams Bi,G 2 and Fa, the Killing number Uj is even if 

aj is a short simple root for several j. Hence for these diagrams G (p) • 6© is 
null homotopic on several minimal flag manifolds. 


19 




































Now let JI be the short root with H-p E cla"^ in the diagrams with multiple 
edges. For Bi, Ci and F 4 , the Killing number uj is even if aj is a long 
simple root. Hence for these diagrams G {jl) ■ Bq is null homotopic on several 
minimal flag manifolds. 

On the other hand, in G 2 we have Jl = ai + 802 . Hence by formula (IT]) . 
m) is odd for j = 1 , 2 . This means that for G 2 the orbits G (/i) ■ 69 in 
the minimal flag manifolds are not null homotopic. 

Having these facts about the fundamental groups Theorem 14.71 yields 
immediately following result. 

Theorem 4.13 Let T G G be a subset such that G {a) C T and the group 
generated by T is Zariski dense. Then T generates G in the following cases: 

1 . g = si (/ + 1 , M). 

2 . 0 = sp (/, M) and a is a long root. 

3. g is the split real form associated to G 2 and a is a short root. 

4.4 Example: Short roots in sp (n, M) 

We present an example showing that the result of Theorem 14.131 does not 
hold if a is a short root of the symplectic Lie algebra sp (/,M). Let Q be 
the quadratic form in whose matrix with respect to the standard basis 
{ei,...,ez,/i,...,/z} is 



Define the subset of the projective space C C ^ by 

C = {[n]ep2'-i;Q(T;)>0} 

where [n] = span{n}, 0 ^ v E Mfh It is easily seen that G is compact and 
has interior intC = {[n] G ; Q > Q}. 

Now define S C Sp(/,M) to be the compression semigroup 

S = {gESpil,R)-.gGcG}. 
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We claim that lilts' 7 ^ 0. In fact, X = [Q] is itself a symplectic matrix and 
for any 0 7 ^ n G we have 

Aq {X^[Q] + [Q]X) = 2 {e^^vf > 0, 

LLL 

so that t ^ Q (e*^n) is strictly increasing. This implies that for f > 0, 
C intC C C hence G S if f > 0. Actually, G intS* if t > 0 by 
continuity with respect to the compact-open topology. 

Now, take a symplectic matrix of the form 


Y = 



Then Y'^[Q] -|- [Q]Y = 0, so that t G M, is an isometry of Q, that is, 
Q ie^^v) = Q (v) for v G Hence G S', f G M, which in turn implies 

that the group 

G = {(® ) eSp(;,B):9eGl+(;,B)} 

is contained in S'. But for any short root a = \i — Xj, i 7 ^ j, we have 
G {a) C G, concluding our example. 


5 Representations of si (2, C) 

In this section we take an irreducible representation of si (2, C) on that 

is, a homomorphism : sl(2,C) —)■ sl(n -|- 1,C) and look at the subgroup 
Gi = (exp (si (2, C))) C SI (n -|- 1, C). As an application of the previous 
results will show the following result. 

Theorem 5.1 Let p„ : sl(2,C) —)■ sl(n-|-l,C) be the irreducible (n-|-l)- 
dimensional representation o/sl(2,C) and suppose that T C SI (n -|- 1,C) is 
a subset containing Gi = (exp p„ (si ( 2 , C))) such that the group generated by 
T is Zariski dense. Then T generates SI (n -|- 1, C) as a semigroup. 


Given the basis 


A = 




Y = 


/ 0 0 
U 0 
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of si (2, C) we choose a basis {wq, fi,..., u„} of such that 

Pn (H) = diag{n, n - 2,..., -n + 2, -n}, 

(Y) Vj = Vj+i and (X) Vj = j {n — j + 1) Uj_i. The diagonal matrix 
[H) is a regular real element of SI (n + 1, C) and is contained in the stan¬ 
dard Weyl chamber formed by real diagonal matrices with strict decreas¬ 
ing eigenvalues. Hence Gi = (exp (si (2, C))) is in the case covered by 
Corollary 13.31 To apply it we must look at the homotopy properties of the 
orbits Gi ■ 6© on the minimal flag manifolds of SI (n -|- 1, C), that is on the 
Grassmannians Gr^ (n -|- 1) of /c-dimensional subspaces of 

By the choice of the standard Weyl chamber the origin of Gr^ (n -|- 1) 
is the subspace hk spanned by {uq, "yi, • • •, Vk-i\- An easy computation shows 
that the parabolic subalgebra p = spanj.{p„ {H) , (X)} is contained in the 

isotropy subalgebra at any bk- Since the corresponding parabolic subgroup 
P C Gi is connected (Gi is a complex Lie group) it follows that the isotropy 
subgroups at bk contain P. On the other Y does not belong to the isotropy 
subalgebras of bk. This implies that the isotropy subgroup at bk of the action 
of Gi is the parabolic subgroup P. Hence all the orbits Gi-bk are Gi/P ~ 

In the sequel it will be proved that the orbits Gi ■ bk are not contractible 
in Gik {n + 1). This will be done by showing that a canonical line bundle 
over Gik {n + 1) is not trivial when restricted (pull backed) to ~ Gi/P. 
This approach is based on the following proposition about the restriction 
of the tautological line bundle C"" \ {0} —)■ P"" to the projective orbit P^ ~ 
(exp (si (2, C))) [uo] in the irreducible representation. 

Proposition 5.2 Let : sl(2,C) —?■ sl(n-|-l,C) be the irreducible rep¬ 
resentation c)/sl(2,C) on n > 1. With the notation as above let 

Gi • [uo] C P" be the projective orbit of the highest weight space [uq] • Then 
Gi • [uo] is diffeomorphic to S^. 

Let IT : \ {0} P” the tautological line bundle over P" and denote 

by Tn its restriction (pull back) to P^ = Gi • [uq]- Then is not a trivial line 
bundle. In fact Tn is represented by the homotopy class n G Z = tti (Cx). 

Proof. For the proof we view Tn as a bundle Uq ^2 obtained by clutch¬ 
ing along the equator P^ trivial bundles and ^2 on the north and south 
hemispheres. Such a bundle is trivial if and only if the clutching function 
a : P^ —)■ Cx is homotopic to a point (see Husemoller [7], Ghapter 9.7). 
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The set a = G S'^ : z G C} is an open Brnhat cell in the flag 

manifold 5'^ = Gi • [no] of si (2, C) since n“ = spanj.{F} is the nilpotent com¬ 
ponent of an Iwasawa decomposition. Hence a is open and dense. Actually, 
a = \ {[un]} because [un] is the space of lowest weight. Furthermore the 

map 

^ e C 6 Sp {K]} 

is a chart. This map yields the following section over \ {[un]} of the 
tautological bundle: 

G \ {Kj} ^ 


The same way 


'ip:w eC \—^ e \ {[no]} 

is a chart and 

Xj : 6 \ {|k„|} ^ 

is a section over \ {[no]}. 

The change of coordinates ip~^ o 0 : C \ {0} —?■ C \ {0} between the charts 
is ^ 

w = ip~^ o (p(z) = 

z 

In fact, we have 

• • • ’ = iPn{w),..., P 2 (w) , Pi (w) , 1) 

where pj {w) is a polynomial with positive coefficients and pi {w) = nw. If 
z^O then (^ 1 , 2 , J,..., ^ j and 

/n\ n\ n\ ^ i\ 

’ _^ n-l ’ 2!^"'-2 ’ j 

span the same line. Hence, if 2 ;,tn 7 ^ 0 then [e^^"*^^^no] = [e"’^"*^"’^^n„] if and 
only if njz = ntn, which means that tn = 1/z as claimed. It follows that 
o 0 (z) I = 1 if l^l = 1 so that = {z : |z| = 1 } is the same equator of 
in both charts. 


23 




Now the clutching function a : —?■ Cx is given by X 2 (^) = ® (^) Xi (^) 

with X in the equator S^. To get it take w = o 0 (z). Then 

X 2 H = (^^,...,^,1^ 


n: 


Xi (z) = nlw’^Xi (z) • 


Hence, for x G S^, a {x) = n\x^ which is not homotopic to a point, showing 
that the bundle is not trivial. □ 


This proposition implies that the projective orbit Gi ■ [uq] ~ 5'^ (Gi = 
(exp (si (2, C)))) in P” of the highest weight space is not contractible and 
hence not contained in an open Bruhat cell. In fact, if the orbit were con¬ 
tractible then the restriction of the tautological bundle on it would be trivial. 

The same approach yields also the noncontractibility of the orbits Gi ■ bk 
on the Grassmannians Grfc(?7,-|-1), 1 < k < n — 1, where 

bk = span{no, • • •, Vk-i}- To this end we view the Grassmannian Gr^ (n -|- 1) 
as a subset of the projective space P of the fc-fold exterior power of 

Cri+i_ Namely Gr^ (n -|- 1) is identihed to the projective SI (n -|- 1, C)-orbit 
of the highest weight space G P (a^C"'+^) where A • • • An^.i. Via 

this identification Gi ■ bk is identihed to the projective orbit of Gi through 

[e.]. 

Consider the representation of si (2, C) on A^C”^^ obtained by composing 
the representation of SI (n -|- 1, C) with p^. Denote it by as well. Let 

Vk = span{p(, (V) : j > 0} 

be the si (2, C)-irreducible subspace of that contains Since 

Pn{X) ^k = 0 is an eigenvector of p„ {H) with eigenvalue A we have 

dim 14 = A -|- 1. Now, A is the sum of the ^-largest eigenvalues of the matrix 
Pn{H), that is. 


fc-i 

A = ^ (n — 2 j) = k{n — {k — 1 )) > 0. 

j =0 

Hence diml4 > 0 and the sl(2,C) representation on I 4 is the non trivial 
irreducible representation p^ with m = k{n — k + 1 ). 
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Now it is clear that the projective orbit = Gi ■ is contained in 
the projective space P(14). By Proposition 15.21 we have that the restriction 
to Gi ■ of the tautological bundle 14 \ {0} IP(14) is not trivial. But 

the tautological bundle of P (14) is the restriction to it of the tautological 
bundle of P We conclude that the restriction to Gi ■ of the 

tautological bundle of P is a nontrivial bundle. Hence the orbit 

Gi ■ [.^^] ~ Gi • ~ 4^ is not contractible in P (a^C”'"''^). A fortiori it is not 

contractible in Gr^ (n + 1 ). 

Hence the group Gi = (exp (si (2, C))) C SI (n + 1, C) falls in the con¬ 
ditions of Proposition [3]2] and Corollary 13.31 concluding the proof of Theorem 

O 

6 Semi-simple subgroups containing regular 
elements 

We consider here two complex semi-simple Lie algebras 0 i C g such that 0 i 
contains a regular real element of g. That is, if gi = ti©Oi©ni C g = €©a©n 
are compatible Iwasawa decompositions then there exists a Weyl chamber 
0 “*" C a such that ai fl 4 0 - fhis case we can apply essentially the 
same proof of Theorem 15.11 to get analogous semigroup generators of G by 
subsets containing Gi = (expg). 

Theorem 6.1 Let gi C g 6 e complex semi-simple Lie algebras and suppose 
that gi contains a regular real element of q. Let G be a connected Lie group 
with Lie algebra g and put Gi = (exp g). Then a subset T C G generates 
G as a semigroup provided the group generated by P is Zariski dense and 
Gi C P. 


Before proving the theorem we note that G has hnite center because g is 
complex, hence the results on semigroups can be applied to G. Also we can 
prove the theorem only for G simply connected. For otherwise we have the 
simply connected cover tt : G ^ G and P generates G if and only if 7r“^ (P) 
generates G. Hence we assume from now on that G is simply connected. 
The proof of the theorem is based on Proposition [521 Fix a Weyl chamber 
C a such that ai fl o'*" 4 0- By Corollary 13.31 we are required to prove that 
in any flag manifold F© of G the orbit Gi ■ 5© is not contractible where 5© is 
the origin of F© dehned by means of o”*". 
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To this end we realize the flag manifolds of G as projective orbits in 
irreducible representations of g. If w is a dominant weight of g (w.r.t let 

be the irreducible representation of g with highest weight u. The space of 
the representation is denoted by Kj and the highest weight space is spanned 
by Vuj e Vuj. 

Since G is simply connected it represents on V^. 

It is known that the orbit G ■ of the highest weight space in the 
projective space IP (K;) is a flag manifold of G. Precisely, if S is the simple 
system of roots 0 = {a G S : (a,a;) = 0} then G ■ [n^;] equals Fe as 
homogeneous spaces. 

Our objective is to prove that Gi ■ is not contractible in G-[vj\. Clearly 
it is enough to check that Gi ■ [vj\ is not contractible in P (K;). We prove this 
by applying Proposition 15.21 to a representation of a copy of s[(2,C) inside 

01 - 

Let fli be the set of roots of (gi, ai). As before if a\ G fli then Ha^ G Oi 
is defined by ai (•) = (Lfai, •). The subspace ai is spanned by ai G fli. 
Since Oi fl a’*’ 7^ 0 and oj is strictly positive on a''" it follows that there exists 
ai G Hi such that cu (ffai) 7^ 0. 

We choose ai with u (TfaJ 7^ 0 such that ai is positive for the chosen 
compatible Iwasawa decomposition, that is, (gijg.^ C n"^. We denote by 
gi (ai) the subalgebra of gi spanned by the root spaces (gi)j_^^, which is 
isomorphic to sl(2,C), and put Gi (ai) = (expgi (ai)) C Gi. 

To get a representation of gi (ai) take a generator Y of (gi)_Q,^ and let 
K; (ai) be the subspace spanned by p^{Yy j > 0. Since (gij^^ C 
and Vui is a highest weight vector we have ((0i)ai) = 0- Also v^j is 

an eigenvector of with eigenvalue u 7^ 0 . Hence by the 

usual construction of the irreducible representations of si (2, C) the subspace 
K; («i) is invariant and irreducible by p^ (gi (ai)). Since the eigenvector 
u 7^ 0 we have dim (ai) > 2 and we get a nontrivial representation 

of s[(2,C) on (ai). In this representation is a highest weight vector 
because p^ ((0i)aj Wo; = 0. A posteriori oj (iLaJ = dimV^ (cq) — 1 > 0. 

Now we can apply Proposition 15.21 to the representation of sl(2,C) on 
K; (cii) to conclude that the restriction to Gi (ai) • of the tautological 
bundle K; (cq) \ {0} —)■ P (K; (cq)) is not trivial. This implies, by restricting 
twice, that the tautological bundle K; \ {0} —)■ P (K;) restricts to a nontrivial 
bundle on the orbit Gi (ai) • [vj\. Hence the orbit Gi (ai) • [n^j] is not con¬ 
tractible on P (V^) so that it is not contractible on Fe = G - Finally, the 
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orbit Gi ■ is not contractible as well since it contains Gi (ai) • By 
Corollary 13.31 this finishes the proof of Theorem 16.11 


Example: The standard realizations of the classical complex simple Lie alge¬ 
bras of types Bi, Gi and Di as subalgebras of matrices satisfy the condition of 
Theorem 16. li as subalgebras of the appropriate si (n, C). In fact, for Gi and Di 
one has Cartan subalgebras of diagonal 21 x 21 matrices diag{A, —A} with A 
diagonal I x /, while for Bi the Cartan subalgebra is given by diag{0, A, —A}. 
The Oi are given by such matrices with real entries. A quick glance to these 
diagonal matrices shows that in any case ai contains diagonal matrices with 
distinct eigenvalues, and hence regular real elements of s[(n, C), n = 21 or 
21 + 1 . 
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